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A basis '.'elation for boundary layer calculations has been obtained by 
double integration of the Prandtl equations. It is shown that this 
method leads to more accurate results than the Karman-Pohlhausen 
method. 

The K a r m a n - P o h l h a u s e n  method is based on the 
in tegra l  momen tum re la t ion  (1): 
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The method involves  r ep l acemen t  of the unknown 
exact  velocity d i s t r ibu t ion  in the l aye r  by a specia l ly  
chosen d i s t r ibu t ion  sa t i s fy ing the boundary condit ions 
of the p rob lem.  It is s imple  and in a n u m b e r  of cases ,  
moreove r ,  gives quite accura te  r e su l t s .  Its effect ive-  
ness  is evidently due to the fact that the values of the 
in t eg ra l s  on the left side in (1) do not change much if 
the sub in tegra l  function depar ts  a l i t t le  f rom the t rue  
value, provided the boundary  condit ions are  observed.  
The main  source  of e r r o r  of the method is associa ted  
with the r ight  s ide of (1), where there  is a der iva t ive  
of the unknown function.  When this function is replaced 
by another,  a r b i t r a r y  one, the e r r o r  in the der iva t ive  
may be very  cons ide rab le .  It  is for this r eason  that, 
in a region of p r e s s u r e  inc rease ,  and in pa r t i cu la r ,  in 
locat ing the separa t ion  point of the layer ,  the K a r m a n -  
Pohlhausen method gives quite un re l i ab le  r e su l t s  
(leading in some cases  to c lea r ly  e r roneous  conc lus -  
ions,  even in a qual i ta t ive  sense  [~]). 

The method will be appreciably  improved if the 
r ight  side of (1) is a lso put in the form of in t eg ra l s  of 
the unknown function u. This may be effected by double 
in tegra t ion  of the or ig ina l  P rand t l  equat ions.  

The di f ferent ia l  equat ions of the boundary  l ayer  
have the form 
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Single in tegra t ion  of the equat ions of (2) y ie lds  
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If we put y = ~ in (3), it is not difficult  to obtain 
re la t ion  (1). In tegra t ing  (3) once more ,  we have 
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We take into cons idera t ion ,  as was done also in (1), 
the boundary  condit ion of the l ayer  6 (x). 

Put t ing y = 6 (x), and subs t i tu t ing  the exp res s ion  

found from (4) for ,~ into (3), we have in place 
n 

of (1) the equation 
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FLAT IMPERMEABLE PLATE 

Since the veloci ty profi le  in this case has s i m i -  

la r i ty  (u=Uof (5 -~x ) ) ' l  it is easy to put (5) i n t h e  ] '  
% 

form 

d 6 2 v 
A , ( 6 )  
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where 
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Therefore ,  

6 = A - :  I vx/l:n. (7) 
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We find the f r ic t ion  s t r e s s  on the plate f rom the 
formula  
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where 
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According to (7) we obtain 
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where Ai, B i, A12 , B12 , C are ce r t a in  un i ve r s a l  num-  
be r s ,  

Ax = (l/2)(e, --YI -k a, --p,), A. = (l12)(a2--y~. --  p,), 

An = (I/2)(e= - -  2y,2 + 2a,a --  6,"- -- P=I), 

! L _  B ~/ ~u0 ~ 
p - 2 / ~  ~ - -  ~ 

(9) Bx ---- 1/2 -_ el --2u + 2al  -- p,, (14 )  

We will compare  the r e su l t s  of ca lcu la t ing  a boun-  
dary  layer  by the K a r m a n - P o h l h a u s e n  method with 
those of the ref ined method.  The table shows values 
of 6 and r 0 ca lcula ted  for var ious  d i s t r ibu t ion  funct ions 
accord ing  to both methods .  Compar i son  indica tes  that 
the values  of 6 and r 0 calcula ted by the ref ined method 
are,  f i rs t ly ,  c lo se r  to the t rue  values  than are  those 
f rom the K a r m a n - P o h l h a u s e n  method, and, secondly 
and this is m o r e  impor t an t  in the given case  the r e -  
fined values  of 5 and T o give l e s s  s ca t t e r  and a re  l e s s  
sens i t ive  to the choice of type of d i s t r ibu t ion  function 

f ( ~ ) .  

B , ~  : =  8 a - - 4 y 1 2  Jr-  4 a 1 2  - -  p l a  - -  P a l ,  

B2 = 2a= -- 2ya -- p=, C = ~ -- 2y12 -i- 2ax.. -- Pv.'. 

The n u m b e r s  a ,  t ,  y, e in (14) are  found by s imple  
in tegra t ion  of funct ions f and ,~: 

I 1 1 r~ 

~, = .i'/d~,, ~,, = J~ r a n ,  p, = i':,l ,~ i :dn ,  
o o ,~ (~" 

GENERAL CASE OF AN IMPERMEABLE WALL 

In the genera l  case  the veloci ty prof i le  losses  the 
p roper ty  of s i m i l a r i t y .  Fol lowing the K a r m a n - P o h l -  
hausen  method, we take into account  the shape - fac to r  

6 a dU 
X (i0) 

dx 

and put the solut ion of (5) in the form 

(11) 

Substi tut ion of function (11) into (5) leads,  af ter  a 
n u m b e r  of s imple  t r ans fo rma t ions ,  to the equation 

M d-* + N  5' = ~,, (12) 
dx 

where  M and N a re  funct ions  of U, dU/dx, X and dX/dx. 
If the shape ,  factor  is  taken as the bas ic  va r iab le  

be ing sought, Eq. (12) becomes  

1 ~, I 1 

,*l=fe'~,IFen, ~ =  f~dn, w =  i ' ~ d n ,  
d j 8 (15) 
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p,-- i ' ~ d n . i ' ~ d n ,  ~.. -~ (t in i 'r  ~,~ = i ' l~d,1,  
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1 ~ 1 ~ 1 7, 

p,1 = (~en i tch,  pl~ = .i'td,~ f~dn, ~,a:-.ien i'~H,1. 
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The function r is a co r rec t ion  to f ,  and so the 
in teg ra l s  f rom ~ are  cons ide rab ly  less  than those 
f rom f ,  i . e . ,  the n u m b e r s  q ,  3'1, ill, a l ,  a re  con- 
s ide rab ly  g r e a t e r  than the r e m a i n i n g  n u m b e r s .  F o r  
the same  r e a s o n  A 1 and B 1 are  cons ide rab ly  g r e a t e r  
than the n u m b e r s  A2, A12 , B2, B12 , C (this may be 
ver i f ied d i rec t ly  in the examples) .  Taking this  into 
cons idera t ion ,  Eq. (13) may be in tegrated approxi-  
mately,  af ter  f i r s t  omit t ing  t e r m s  conta in ing A2, A12 , 
B2, B12 , C. This leads to the s imple  l i nea r  equation 

A1 ~-1--~1 +B12.1 U -- U 

*The dot denotes d i f ferent ia t ion  with respec t  to x. 
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Values of 6 and r0 Calculated for Various Dis t r ibut ion  Funct ions  

Distribution ~(tl) by Karman-~ . 
JPohlhausen|bY improved 

lmethod t meth~ 

i = , ,  { 3.46t | .1 
:1 1 s l =  ~', '~'qT2 ' 4.64 -t.825 

I =: 2; ~ 2,, a + ",.~ 5.84 5.7 

[ = sin ~..t 4.8 4.911 
2 

Exact 

by Ka rman -  . 
Pohlhausen by lnaprovcd 

method ] method 

O. 289 O. 333 

0. 323 0. 336 

0.3'13 0,336 

0. 327 0. 335 

0.332 

This kind of approximation (we shall call it the 

first approximation) corresponds to the case ~ = 0. 
The solut ion of (16) has the form 

i 
. 

7.~ = ~'  U"' "'-~ d* 
A t U  & ' A '  , 

u 

(17) 

The f r ic t ion  s t r e s s  in the f i r s t  approximat ion is 
ca lcula ted  f rom the formula  

�9 - "  / ,.},,8, p ~ g 77 ~'', ~B;-L-~" ' 

where 

A; = ( ~ , - - v , ) / 2 ,  BI  = l + , ,  - -  2v , .  

Using (18), we find the following equation for the 
separa t ion  point of the layer:  

k L = k  0 = -  A l  / , " 

Therefore ,  in the f i r s t  approximat ion the value 
k I at the separa t ion  point is some un ive r sa l  number ,  
independent  of U(x). This fact may be used in the 
choice of the function (o(x). We have to choose ~ such 
that 

when X := ;% Ou ' (20) ( v / :  0 

In addition, the usual  boundary  condit ions are  im-  
posed on ~, namely:  

' tl'2q" '/ - , 

For  example,  if j" = ~, according  to (19), X 0 = - 4 ,  
and cP should be chosen, in accordance  with (20) and 

(21), in the form 

(f. = (L, '4) (~, - -  2n-' + n~). 

The ca lcua l t ions  show that for the f u n c t i o n f  = 2~ - 
_ 2~ 3 + ~74, X0 = - 8 . 9 5 � 9  Assuming  also in this case  that 
X0 = - 9 ,  (o mus t  be chosen in the form 

,~ = (1/18)(4q --9q" -- 6~, a -- llq. 

In the second approximat ion  

X2 = M - ~ " U .  (22) 

Here k '  is a smal l  co r r ec t ion  to the f i r s t  approxima-  
t ion. 

We subs t i tu te  X! in the non l inea r  t e r m s  of (13) and 
wri te  the equation re la t ive  to X': 

A l J . ' -  [At., + C  + ( A :  -!- B.. , )k l l  kl).1 - "  

5: ~'  " -t-(B,--L-; . . . .  A, --C ) iU --  (23) 

" ~ 0. - -  (A~o. 4-  A ) q )  - C  . . . .  {B,.., + B~k)  k 2 

Calcula t ions  show that A 2 and B 2 are  cons ide rab ly  
l e s s  than A12, Bi2, C. Therefore  t e r m s  with A 2 and B 2 
may be omitted in the second approximat ion.  Then, 
taking (16) into account,  we find the solution of (23) 

in the form 

x �84 

~ " -  A,c:" '-" ' . !  '-,:~, ~- 
h 

�9 (--U -A,..~_]).~-- 

(24) 

Aj. , - : -C L' X l . - - ' .  dx. 
- -A-, c 
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Thus, in the second approximat ion  the p rob lem is 
reduced to c a r r y i n g  out two succes s ive  quadra tu re s  
(17) and (24). 

Knowing k(x), i t  is not hard to find T0/p and the 
sepa ra t ion  point of the l aye r .  This separa t ion  point 
is de t e rmined  f rom the a lgebra ic  equation 

)~'0 = ~'1 (X) + ~t (X). (25)  

I t  is evident ly  not hard to gene ra l i ze  the method 
suggested in the case  of a boundary  l aye r  with outflow 
of fluid from the wall, and to extend i t  to the t e m p e r -  
a ture  and diffusion boundary  l aye r s .  

As a very  s imple  example,  we wil l  examine  the 
flow of a fluid nea r  the c r i t i ca l  point.  In this case  

U = U0x. 
Rela t ions  (17) and (18) eas i ly  allow us to find k 

and "to~ p in the f i r s t  approximat ion:  

~, = BT', xo/p = B; V/B~Z'v~'Uo ~U. (26) 

In the case  o f f ( v )  = n we h a v e  

'~ "~ , (27) ~1 = 8/3, "ro/9 = 1.36v ~ b ~ b .  

In the c a s e f ( v )  = 2V-2r~ + rfl we have 

~1 = 5 %  ~r = 1.31~ ~' u ~ w  (28) 

The exac t  value is  to~ p = 1. 234vt / 'ZUot/aUi while 
accord ing  to the K a r m a n - P o h l h a u s e n  method r o /p  = 

= 1.19 y 2 v ~ / 2 u  (1). 
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Thus, our  method in this case  leads  to sa t i s f ac to ry  
r e su l t s  even in the f i r s t  approximat ion .  

In conclus ion  we note that the method desc r ibed  
above b o r d e r s  upon Shvets '  method (3). All the r e -  
sul ts  obtained by that method (3-5)  may  also be ob- 
ta ined by our  method. To show this we examine  the 
f i r s t  approximat ion  in the very  s imple  assumpt ion  

that f (v )  -- V. 
F o r  example,  the formula  in (3) 

x 

is a specia l  case  of the genera l  formula  (17), under  
the assumpt ion  t h a t f  = 7. 
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